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prising, because H. for TEjo is antisymmetric

with respect to the y-axis. Equation (11) is

a good approximation when compared with
the exact solution

● T
~ = 0.5 sin x

=:(-1 )”+’J2.-1(X) COS(2M-I)6 (12)
--x

since Y,(k~)/-T1 (kr) <0.001 for the largest

value of r which is V2 a.
The power transported in the waveguide

Fk. 1. ThesrIuaregukle with thesix chosen points. was calculated numerically using (3) and

2.1 .

2.0 .

1,9 -

1.8 -

.-.”1.7 -

~“1.6 -

No
2 1.5 .

1.4 -

1.3 -

1,2 -

1.} .

\

.— Exact Solution

s%% Point -Matching Solutio,

~~
1 2 3 5 678

(f/fc) 4

Fig. 2. Theattenuation consl.antsof tbesquarewaveguide.

for’~hI wave modes, and

+(fc/f)’@cl*(rc,o)l’rcd@l(10)

for TEwavemodes. Theintegrationsin (9)

and (10) can be performed numerically.

II. NUMLZRICAL EXAMPLE

To demonstrate the validity of the point-
matching method for determination of the

field distribution, power transfer, and the

attenuation constant, it is assumed that an
electromagnetic wave is propagating inside
a square waveguide in the TEIo mode. The
guide has a width of 2a and is placed with
its center at the origin of a rectangular

coordinate system as illustrated in Fig. 1.

Since the longitudinal field component H, is
symmetrical with respect to the ~-axis for
TEM, the sine terms in (1) are omitted. The
cutoff wave number calculated by using six
points only on the upper half of the guide’s
cross-sectional contour is 1.5716, compared
with the exact value of 1.5708. The expan-

sion coefficients were determined in terms of
the coefficient Al, which is equal to a pre-
assigned value of unity. The resulting wave
function is therefore expressed in the follow-
ing form:

z= H.= ~$1 (–l)n+’~,.-,(kr) COS(2n– 1)0 (11)

with three-place accuracy. The disappear-
ance of the even terms in (11) is not sur-

(11), and the result was 0.1256, which is

excellent when compared with the exact

vahre of 0.1250.

The attenuation constant is obtained by
substituting the approximate wave function

(11) into (10) and performing numerical

integrations. It is

(aPaZo/R,J

= (0.994/2j_)~’/j. [1 + 2.014(~c/j)’] (13)

where R,, = R, <f~; the surface resistance
at cutoff frequency, and ar denotes the
attenuation constant of the point-matching
solution. ‘f’he exact attenuation constant a,
for a square guide of 2a is given byz

(a,aZo/RJ = (1/2~)v’’’/~. [1 + 2(,f/02]. (14)

The comparison of these two attenuation
constants is shown in Fig. 2 over the fre-
quency range of (~/jJ = 1 through 10. The
validity of the attenuation constant calcu-
lated by the point matching solutions is then

verified.
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On Transverse Electromagnetic

Wave Propagation in a Cylindrically

Stratified Magnetoplasma

This communication is concerned with a

second-order ordinary differential equation

arising in the theory of electromagnetic

waves in a cylindrically stratified, axially

magnetized plasma. The equation desrribes
transverse propagation when the w /ave’s

magnetic field has only an axial component.
Galejs [1] and Yeh and Rusch [21, [3]

have studied the transverse propagation of
electromagnetic waves in a cylindrically
stratified, axially magnetized plasma. It was

found that in a continuously varying plasma,

the fields are described by two uncoupled

wave equations. Thus, the total field can be
expressed as the sum of two partial fields

which propagate independently. These may

be called E-parallel and H-parallel fields,

with the electric and magnetic vectors, re-
spectively, having only axial components,

The differential equation describing E-
parallel fieIds is unaffected by the :static
magnetic field [3]. The equation describing
H-parallel fields was derived [1], [3], and
its normal form will be considered here.

Cylindrical polar coordinates (r, i$, z)
are used, with the static magnetic field in
the z direction. The inverse permittivity

tensor (e–l) in the magnetoplasma is ~given

by [4], [5]

M –+2< o

1)

eo(e–q= ‘x M o (1)

00 %/6”

where COis the permittivity of free space.
The quantities M, K, and c“ have been de-
fined by Wait [4], [5]. A time factor &~ is
taken where a is the angular frequen: y of
the fields and t is the time. The plasma is
taken to be cylindrically stratified with M,

K, and .s” depending on r. The permeal-,ility

has the free space value PO.

For propagation transverse to the im-

posed field, the fields are independent of z.

Consider the case in which the magnetic
field of the wave has only a z component H.

The variables can be separated by writing

where n is an integer and a,, is independent
of the coordinates. It is found from lVfax-
well’s equations that fro(r) satisfies

(3)

where

I(I)= :;+:(&)2-&~

1 ditf 4n’ -- 1
—

2YM d?
~ $: (4)

4# – rikf dr

in which k02 =OJ2WOC0.

Equations (3) and (4) may be compared

with equations describing propagation in a
planar stratified magnetoplasma [6]. Com-
ments similar to those made previously [6]
will now apply in the cylindrical case.
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When there is no imposed magnetic field,
K= O and Iif-l is equal to the relative per-

mittivity of the medium. When h“ = O, (3)
and (4) reduce to the correct equations for
the no-field case [7].

It is seen further that if K is independent

of r, whether it is zero or not, (3) and (4)
reduce to the forms appropriate to the propa-

gation of H-parallel fields in a cylindrically
stratified unmagnetized medium with rela-
tive permittivity 1/11. This holds even

though a nonzero value of K means that

there is an imposed field present.

Thus, anyknown solution to (3) for the
no-lield case [7]canbe used toobtainaso1u-

tion when the plasma is magnetized. If the
relative permittivity in the no-field case is
e,(r), then the same wave equation will

apply in a magnetized medium with electri-
cal parameters M and K, where M= 1/e,(~)
and AZ does not vary with r.

Furthermore, if K(?) has the form

K(r) = a + W (5)

where a and b are independent of r, then (4)
becomes

k~’ – 2nb 1 1 dM 2

)

1 dz,lf
1(1’) = ~

+I(fix – 231 drz

1 dilf 4n2 – 1
_ —— ——

2ri14 dr ~r!z— -
(6)

This has the form appropriate to propaga-
tion in an unmagnetized medium of relative

permittivity (1–2nbko–’)/M. Thus, once
again, a known solution for the unmagne-

tized case can be used to obtain a solution
for the axially magnetized medium. In the

magnetized case 11= (1–2tibko-2) /c,(r),

where e,(~) is the relative permittivity in the

no-field case. The expression for M so ob-
tained will depend in general on the mode
number n. To eliminate this dependence,

appropriate choices must be made of the
arbitrary parameters involved in the exm-es-
sion for c,(~) in the unmaguetized medium.

ATOW consirfer H-parallel fields for the

particular case in which H = O, so that the
fields are independent of @ as well as of s.
The function g(r) is defined by writing
Ed= r–llzg(r), where Ed is the @ component

of the electric field. Then it is easily found
from Maxwell’s equations that

This is the normal form of the wave equa-
tion in the present case. Equation (7) is inde-
pendent of K and contains no derivatives of
the electrical parameters of the plasma.
Whatever the profiles of M and h“, (7) has
the same form as for an unmagnetized
medium of relative permittivity equal to

1/4[.
An equation describing H-parallel fields,

equivalent to (3), has previously been
treated by numerical methods [1 ]– [3 ]. In
dealing with problems involving electro-
magnetic waves in stratified plasmas, ana-
lytical and numerical methods are both
made use of. For example, the plasma is
sometimes taken to consist of a number of

homogeneous regions [5], [8] and formulas

suitable for numerical computations then
obtained. However, it may then be useful to
replace one of the homogeneous regions by a
continuously varying one in which an
analytical expression for the fields is
known (8].
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Measurement of Microwave Power

in WR112 Waveguide (7.05 to

10.0 GHz)

The Radio Standards Laboratory of the
NBS Institute for Basic Standards (U. S.
Department of Commerce), Boulder, Colo.,

announces a calibration service for the
measurement of effective efficiency and cali-

bration factor of bolometer units and bolo-
meter-coupler units in WR112 waveguide.
Although calibrations can be performed

within the useful range of the waveguide,
some degree of economy to the customer
results if calibrations are performed at the
selectedl frequencies of 7.75, 8.50, and 900

GHz.

The quantities measured in the new
service are defined as follows:

Effective Eficiency for Bolometer Units:
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I In performing microwave calibrations, a consid-
erable amount of time is usually needed to prepare the
s> stem for a measwement rweratmn. Much of this
preparation is related to adj ?,stmen t of the svstem to
the freQ”ency of operatmn selected for the calibration,
Time and cost often pan be reduced by mmimlzmg the
number of times the operating frequency of the cali-
bration system must be readjusted.

The ratio of the substituted dc power in

the bolometer unit to the microwave

power dissipated within the bolometer
unit.

Calib~ation Factor for Bolometer l[nits:
The ratio of the substituted dc power in

the bolometer unit to the microwave

power incident upon the bolometer unit.

Calibration Fartor for Bolovwter- Coapler

Units: The ratio of the substituted dc
power in the bolometer unit on the side

arm of the directional coupler to the
microwave power incident upon a non-

reflecting load attached to the output

port of the main arm.

In the interest of speeding UD the avail-

ability of a service for the calibration of
bolometer units and bolometer-coupler units
in lVRl 12 waveguide, the working standards

in WR112 waveguide were calibrated indi-
rectly by means of an existing microwave

microcalorimeter that was designed specifi-

cally as a reference standard for power mea-
surements in WR90 waveguide (8.20 to 12,4

GHz).2 In making such measurements, a

bolometer unit of \17R90 waveguide, cali-
brated previously in the microcalorimeter
at the W’RI 12 frequencies, is used in combi-
nation with a bolometer unit of WRI 12
waveguide. Although a discontinuity exists
in the waveguide between the two units (no
transition being used) that would normally

cause a reflection of considerable magnitude,

a technique34 is used that reduces the mea-

surement error to a negligible amount.

The effective efficiency and calibration
factor of bolometer units and the calibration

factor of bolometer-coupler units are mea-
sured with an uncertainty no greater than one

percent in WR112 waveguide. For these
measurements, the element can be of the

barretter or thermistor type, and of either
100- or 200-ohm resistance, operating at a
bias current between 3.5 and 15 mA. The

bolometer units should be of either the fixed-
tuned or untuned broadband type. Power
measurements can be made on bolometer

units over a range of 0.1 to 10 mW.
Power measurements can be made on

bolometer-coupler units in WR112 wave-
guide with coupling ratios from 3 to 20 dB.
A bolometer unit of either the fixed-tuned

or untuned broadband type must be perma-
nently attached to the side arm of the
coupler. The coupler should have a direc-
tivity no less than .10 dB, and a VSIIrR no
greater than 1.05 for the input and output
ports of the main arm of the coupler.
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